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Let ϕ = (f , g) be an endomorphism of the affine plane C2 defined by two polynomials
f , g ∈ C[x, y] and let Λ = {Cb | b ∈ C} be the pencil of lines Cb defined by x = b.
We shall consider the smoothness criterion of the image curve ϕ(Cb). The hypersurface V
whose coordinate ring is C[x, f , g] and the normalization V˜ of V will play interesting roles
in analyzing the properties of the set ϕ(Λ) = {ϕ(Cb) | b ∈ C}.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let f and g be two polynomials in C[x, y] and let ϕ = (f , g) : X1 → X2 be an endomorphism defined by (x, y) 7→
(f (x, y), g(x, y)), where both X1 and X2 are isomorphic to C2. We suppose that degy f (x, y) > 0 and degy g(x, y) > 0, and
that f , g are algebraically independent overC. Fix a linear pencil of linesΛ = {Cb | b ∈ C} in X1, where Cb is the line defined
by x = b, and consider the image of the pencil ϕ(Λ) = {ϕ(Cb) | b ∈ C}. In [1], Abhyankar shows that the Jacobian conjecture
is equivalent to the following conjecture:
If the Jacobian determinant of ϕ is a nonzero constant, then the generic member of ϕ(Λ) is smooth.
The generic member of ϕ(Λ) being smooth is equivalent to the general members of ϕ(Λ) being smooth. Later,
Gwoździewicz [11] shows that the Jacobian conjecture is also equivalent to the following conjecture:
If the Jacobian determinant of ϕ is a nonzero constant, then ϕ is injective when restricted to a member of Λ.
Recently, the second author proved independently the above result of Abhyankar for a class of algebraic surfaces which
contains the affine plane [20].
In order to study the smoothness of the genericmember of ϕ(Λ), Abhyankar introduced the notion of Taylorian resultant
of an (embedded) plane curve (p(y), q(y)) which is defined as follows (see [2, p.153]). Let K = C(x) and view f , g as
polynomials with coefficients in K ,
p(y) = f (x, y), q(y) = g(x, y).
Then (p(y), q(y))defines a polynomial curve inA2K parametrized by the variable y and the smoothness of the genericmember
of ϕ(Λ) is equivalent to the smoothness of the above parametrized curve. Further, one defines a polynomial ∆(y) of K [y]
(called the Taylorian resultant) by
∆(y) = Rest
(
p(y+ t)− p(y)
t
,
q(y+ t)− q(y)
t
)
.
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Abhyankar then shows the following results:
(1) ∆(y) 6= 0 if and only if C(x, y) = C(x, f , g). We then say that the parametrization by y is faithful.
(2) If ∆(y) 6= 0, the generic member of ϕ(Λ) is smooth over K if and only if ∆(y) ∈ K .
Our study in the present article is more or less independent of the Jacobian conjecture, though based on it. The first result
is a smoothness criterion of the generic member of ϕ(Λ)without the hypothesis that the parametrization in y is necessarily
faithful. It is based on the following observation.
Let t1 and t2 be independent variables. Set
R(x, t1, t2) := Resy(f (x, y)− t1, g(x, y)− t2) .
Let A0(x) (resp. B0(x)) be the coefficient of the highest degree term of the y-polynomial p(y) (resp. q(y)) and let C(x) be the
greatest common divisor of A0(x) and B0(x). Then the following result holds (see Section 2 for a proof.)
Theorem 1.1. We can write
R(x, t1, t2) = D(x)G(x, t1, t2)m
where
(1) D(x) is a polynomial in x divisible by C(x), and has the same irreducible factors as C(x),
(2) G(x, t1, t2) is an irreducible polynomial in C[x, t1, t2], and
(3) m = [C(x, y) : C(x, f , g)].
Let Gt1 (resp. Gt2 ) be the derivative of Gwith respect to t1 (resp. t2). Let G1(x, t1) (resp. G2(x, t1)) be the resultant of G and
Gt1 (resp. G and Gt2 ) with respect to t2. Finally, let H(x) be the resultant of G1(x, t1) and G2(x, t1) with respect to t1. We call
H(x) the H-resultant of f (x, y) and g(x, y).
The role of the H-resultant is explained as follows. Let b ∈ C. Then a point (α1, α2) lies in ϕ(Cb) if and only if there
exists c ∈ C such that α1 = f (b, c) et α2 = g(b, c), that is to say, if and only if Resy(f (b, y) − α1, g(b, y) − α2) = 0.
On the other hand, if either A0(b) 6= 0 or B0(b) 6= 0, i.e., if C(b) 6= 0, it follows from the definition of resultant that
Resy(f (b, y)− t1, g(b, y)− t2) is equal to R(b, t1, t2) up to a nonzero constant. Hence, if C(b) 6= 0, then ϕ(Cb) is defined by
the equation G(b, t1, t2) = 0 (cf. Theorem 1.1).
For b ∈ C with C(b) 6= 0, suppose that ϕ(Cb) has a singular point (a1, a2). Then G(b, a1, a2) = Gt1(b, a1, a2) =
Gt2(b, a1, a2) = 0. Hence G1(b, a1) = G2(b, a1) = 0 follows and thereby H(b) = 0. This shows that if H is nonzero,
then ϕ(Cb) is smooth except for a finite number of values of b ∈ C. The converse of this assertion does not necessarily hold
(see Example 4.3). Suppose that degy g ≥ degy f and denote by Ha the H-resultant of f (x, y) and g(x, y)+ af (x, y). We show
that the smoothness of ϕ(Cb) for general b is equivalent to the non-vanishing of Ha for almost all a ∈ C (see Theorem 2.4).
This is a main result of the second section.
In the third section, we consider a hypersurface V of A3 defined by the equation G(x, t1, t2) = 0 and its normalization V˜ .
The coordinate ring of V is equal to C[x, f , g] and the natural inclusions
C[f , g] ⊂ C[x, f , g] ⊂ C[x, y]
induce the morphisms pi and pi ′ which factorize the given morphism
ϕ : X1 pi−→ V pi
′−→ X2 .
Let p : V → B := Spec C[x] be the morphism induced by the projection A3 → A1, (x, t1, t2) 7→ x and let p˜ be the
composite p˜ := p · ν of p and the normalization morphism ν : V˜ −→ V . We show, among others, the following results (see
Theorem 3.3 and [17,18]) :
(1) The morphism p˜ : V˜ −→ B is an A1-fibration and V˜ has at worst cyclic quotient singularities.
(2) If the morphism pi is finite, the surface V˜ is then isomorphic to C2/G, where G is a finite cyclic group. Furthermore, if
C(x, y) = C(x, f , g), then V˜ is isomorphic to C2.
Further properties of the morphisms pi and pi ′ will be given in the third section. In the fourth section, we treat several
examples for which we compute the H-resultants and describe the surfaces V˜ together with the properties of pi and pi ′.
2. Ha-resultant and smoothness criterion
2.1. Proof of Theorem 1.1
Recall that R(x, t1, t2) is the resultant Resy(f (x, y)− t1, g(x, y)− t2). Write
R(x, t1, t2) = D(x)R1(x, t1, t2) ,
where R1 is not divisible by any polynomial in x.
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Lemma 2.1. With the above notations, D(x) is divisible by C(x) and has the same irreducible factors as C(x).
Proof. By the definition of resultant, it is clear that C(x) divides D(x). Suppose that a is a root of the equation D(x) = 0 and
A0(a) 6= 0. Then, for any (t1, t2),
R(a, t1, t2) = Resy(f (a, y)− t1, g(a, y)− t2) = 0 .
Meanwhile, one can write
R(a, t1, t2) = A0(a)n2
n1∏
i=1
(g(a, βi)− t2) = 0
where n2 = degy(g(a, y)− t2), n1 = degy(f (a, y)− t1) and
f (a, y)− t1 = A0(a)
n1∏
i=1
(y− βi) .
This is a contradiction. Hence A0(a) = 0. By symmetry, B0(a) = 0. Hence C(a) = 0. 
Let Γϕ be the graph of ϕ = (f , g), which is the set
Γϕ = {(a, b, f (a, b), g(a, b)) | (a, b) ∈ C2}
in A4 = Spec C[x, y, t1, t2]. Let V be the closure in A3 of the image of the graph Γϕ under the projection (x, y, t1, t2) 7→
(x, t1, t2).
Lemma 2.2. The following assertions hold.
(1) V is an irreducible hypersurface defined by the equation R1(x, t1, t2) = 0.
(2) Write R1(x, t1, t2) = G(x, t1, t2)m with an irreducible polynomial G(x, t1, t2) and m > 0. Then the coordinate ring
C[x, t1, t2]/(G) of V is isomorphic to C[x, f , g].
Proof. Let a be an element of C such that C(a) 6= 0. Then we have the equivalences :
(a, c1, c2) ∈ {R(x, t1, t2) = 0}
⇔ (a, c1, c2) ∈ {R1(x, t1, t2) = 0}
⇔ f (a, b) = c1, g(a, b) = c2 for some b ∈ C
⇔ (a, c1, c2) ∈ Im (Γϕ).
This implies that the hypersurface {R1(x, t1, t2) = 0} contains the image of Γϕ as a dense subset. Hence the closure of the
image of Γϕ is the hypersurface defined by the equation R1(x, t1, t2) = 0. Since Γϕ is isomorphic to C2, this hypersurface
is irreducible. Hence we can write R1(x, t1, t2) as a power of an irreducible polynomial like R1(x, t1, t2) = G(x, t1, t2)m with
m > 0. The coordinate ring of V is then identified with C[x, f , g] because we have the natural injection
C[x, t1, t2]/(G) ↪→ C[x, y, t1, t2]/(t1 − f , t2 − g)
and G(x, f (x, y), g(x, y)) = 0. 
The exponent m in the expression R1(x, t1, t2) = G(x, t1, t2)m is determined as follows, though the determination of m
does not play a significant role in the subsequent arguments.
Lemma 2.3. The following conditions are equivalent.
(i) The Taylorian resultant ∆(y) of the parametrization y 7→ (f (x, y), g(x, y)) over K = C(x) is zero.
(ii) There exist a polynomial h(y) ∈ K [y] and polynomials f1(y1), g1(y1) ∈ K [y1] such that deg h(y) = [K(y) : K(f , g)] >
1, f (x, y) = f1(h(y)) and g(x, y) = g1(h(y)).
(iii) R1(x, t1, t2) = G(x, t1, t2)m with m = [K(y) : K(f , g)] > 1 and an irreducible polynomial G(x, t1, t2) ∈ C[x, t1, t2].
Proof. By the result of Abhyankar mentioned in the introduction, the condition (i) is equivalent to the condition K(y) %
K(f , g). Let A be the normalization of K [f , g] in K(f , g). Then A is rational because the genus of K(f , g) is zero and K is a
C1-field by a Theorem of Tsen. Furthermore, A is geometrically normal and it is a subalgebra of K [y]. Hence A is a polynomial
ring K [y1], where y1 = h(y) ∈ K [y]withm = deg h(y) > 1, and one can write f and g as in (ii). So, (i) implies (ii). Suppose
the condition (ii). By [15, Th. 6], we have
R = Resy(f (x, y)− t1, g(x, y)− t2)
= Resy(f1(h(y))− t1, g1(h(y))− t2)
=
[
hdeg f1×deg g10 Resy1(f1(y1)− t1, g1(y1)− t2)
]m
,
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where h0 is the coefficient of the highest degree term of h(y). Then we have
R =
(
D1(x)
D2(x)
)m
G1(x, t1, t2)m ,
with D1(x),D2(x) ∈ C[x] and G1(x, t1, t2) ∈ C[x, t1, t2] such that gcd(D1(x),D2(x)) = 1 and the coefficients (in C[x]) of
G1(x, t1, t2) considered as a polynomial in t1, t2 have no common factors. Then it follows that D2(x) ∈ C∗. On the other
hand, by a result of Abhyankar (see [14, Th. 1]), we have
Resy(f (x, y)− t1, g(x, y)− t2) = [G2(t1, t2)]m
with G2(t1, t2) ∈ K(t1, t2)which is an irreducible polynomial over K , where K is an algebraic closure of K . In fact, the proof
in [14] is given overC. But one canmake the same argument over K . This implies that G1(x, t1, t2) is irreducible. So, we have
the assertion (iii). It is clear that the assertion (iii) implies the assertion (i). 
2.2. Smoothness criterion
Recall that V is the hypersurface in A3 defined by the equation G(x, t1, t2) = 0. Let p : V → B = Spec C[x] be the
morphism induced by the projection (x, t1, t2)→ x. If b ∈ C satisfies C(b) 6= 0, then p−1(b) is defined by G(b, t1, t2) and is
the image curve ϕ(Cb). We shall prove the following theorem.
Theorem 2.4. The curve ϕ(Cb) defined by an equation G(b, t1, t2) = 0 is smooth for general b if and only if Ha is a nonzero
polynomial for almost all a ∈ C.
Proof. Wemay assume that degy f ≤ degy g . Then
Resy(f (x, y)− t1, g(x, y)+ af (x, y)− t2) = Da(x)Ga(x, t1, t2)m ,
where Da(x) ∈ C[x]. Since we have
Resy(f (x, y)− t1, g(x, y)+ af (x, y)− (t2 + at1)) = Da(x)Ga(x, t1, t2 + at1)m = D(x)G(x, t1, t2)m
it follows that Ga(x, t1, t2 + at1) is equal to G(x, t1, t2) up to a nonzero constant factor. Hence we may assume that
Da(x) = D(x) and
Ga(x, t1, t2) = G(x, t1, t2 − at1).
Now we have
Ga,t1(x, t1, t2) = Gt1(x, t1, t2 − at1)− aGt2(x, t1, t2 − at1)
Ga,t2(x, t1, t2) = Gt2(x, t1, t2 − at1).
By making use of the properties of resultants, we then have
Ga,1(x, t1) = Rest2(Ga(x, t1, t2),Ga,t1(x, t1, t2))
= Rest2(G(x, t1, t2 − at1),Gt1(x, t1, t2 − at1)− aGt2(x, t1, t2 − at1))
= Rest2(G(x, t1, t2),Gt1(x, t1, t2)− aGt2(x, t1, t2)).
Similarly, we have
Ga,2(x, t1) = Rest2(Ga(x, t1, t2),Ga,t2(x, t1, t2))
= Rest2(G(x, t1, t2 − at1),Gt2(x, t1, t2 − at1))
= Rest2(G(x, t1, t2),Gt2(x, t1, t2))
= G2(x, t1).
Let b ∈ C be an element such that the curve defined by an equationG(b, t1, t2) = 0 is smooth. Let u be a root ofG2(b, t1) = 0.
Let v be a root of G(b, u, t2) = 0. If Gt2(b, u, v) = 0, then Gt1(b, u, v) 6= 0 and for all a ∈ C, Gt1(b, u, v)− aGt2(b, u, v) 6= 0.
If Gt2(b, u, v) 6= 0, then for all a except for a = Gt1(b, u, v)/Gt2(b, u, v), Gt1(b, u, v) − aGt2(b, u, v) 6= 0. Hence for almost
all a, Ga,1(b, t1) 6= 0, and Ha(b) 6= 0.
Thus we proved that if there exists b ∈ C such that G(b, t1, t2) = 0 is smooth, then, for all a except for a finite number of
values, Ha(b) 6= 0. This implies that Ha 6= 0 and hence that for all b except for a finite number of values, Ha(b) 6= 0 and the
curve defined by an equation G(b, t1, t2) = 0 is smooth. 
In order to prove Theorem 2.6, we need the following result.
Lemma 2.5. If the curve ϕ(Cb) is smooth, then it is isomorphic to A1. If ϕ(Cb) is smooth for general b, then the curve defined by
G(x, t1, t2) = 0 over K = C(x) is isomorphic to A1K .
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Proof. The curve ϕ(Cb) is the image of the affine line x = b by the morphism ϕ. Hence it is a rational curve with only
one place at infinity. If it is smooth, then it is isomorphic to A1. Consider the morphism p : V → B. If ϕ(Cb) is smooth for
general b, there exists a non-empty open set U of B such that p−1(U) is smooth and the restriction p |U : p−1(U)→ U is an
A1-bundle [12,13]. Hence the curve defined by G(x, t1, t2) = 0 over K is isomorphic to A1K . 
Theorem 2.6. The image by the mapping ϕ = (f , g) : X1 → X2 of a general member of the linear pencil of the lines
Λ = {Cb | b ∈ C} is smooth if and only if there exists a polynomial automorphismψ = (σ (t1, t2), τ (t1, t2)) of C(x)[t1, t2] such
that σ(t1, t2) = 0 defines the image ϕ(Cx) of the generic member Cx of the pencilΛ. In particular, if ϕ(Cb) is smooth for general
b, then degy f divides degy g or degy g divides degy f .
Proof. Suppose that a general member ϕ(Cb) is smooth. By the previous lemma, the curve defined by G(x, t1, t2) = 0 over K
is isomorphic to the affine line over K . By the theorem of Abhyankar–Moh [3], there exists a polynomial L(t1, t2) ∈ K [t1, t2]
such that ψ : (t1, t2) 7→ (G(x, t1, t2), L(t1, t2)) is an automorphism of K [t1, t2]. Hence the ‘‘only if ’’part of the assertion
follows. The ‘‘if ’’part is obvious.
In order to prove the second assertion, we write as in the introduction
t1 = p(y) = f (x, y) = A0(x)ym + A1(x)ym−1 + · · · + Am(x)
t2 = q(y) = g(x, y) = B0(x)yn + B1(x)yn−1 + · · · + Bn(x)
where the coefficients Ai(x), Bj(x) are viewed as elements of the field K . Then ϕ(Cx) is an embedded curve (p(y), q(y)) in
A2K whose parametrization by y is not necessarily faithful. Note that the function field K(ϕ(Cx)) is a rational subfield of K(y)
(see the proof of Lemma 2.3). Then the coordinate ring K [p(y), q(y)]which is a regular subring of K [y] is a polynomial ring
K [y1], where
y1 = γ0(x)yr + γ1(x)yr−1 + · · · + γr(x)
with γ0(x), . . . , γr(x) ∈ C(x). Consequently, we can write
t1 = p(y) = p1(y1) = α0(x)ym11 + α1(x)ym1−11 + · · · + αm1(x)
t2 = q(y) = q1(y1) = β0(x)yn11 + β1(x)yn1−11 + · · · + βn1(x)
where αi(x), βj(x) ∈ K . Then it follows thatm = m1r and n = n1r . Now the parametrization y1 7→ (p1(y1), q1(y1)) of ϕ(Cx)
is faithful. Hence we may assume that y1 = L(t1, t2). The automorphism ψ is a composite of elementary automorphisms
whose first constituent is, for example, a change of coordinates
(t1, t2) 7→
(
t1
α0(x)
,
t2
β0(x)
−
(
t1
α0(x)
)d)
with n1 = dm1, where we have necessarilym1 | n1 or n1 | m1. Then it follows thatm | n or n | m 
In the next section, we give another criterion of smoothness under the hypothesis that the Jacobian determinant of the
morphism ϕ is a nonzero constant (see Proposition 3.1). For this purpose, we have to look into the hypersurface V .
3. Hypersurface V defined by G = 0
3.1. Properties of the hypersurface V and its normalization
Let V be the hypersurface defined by the equation G(x, t1, t2) = 0. We denote by p : V → B = Spec C[x] the morphism
induced by the projection (x, t1, t2) → x. If C(b) 6= 0 for b ∈ C, then p−1(b) is the image ϕ(Cb) and hence an irreducible,
rational curve with only one place at infinity. But this is no longer the case if C(b) = 0.
In a special case where C(x) is a nonzero constant, the fiber p−1(b) is the image ϕ(Cb) for every b ∈ C. Further, if H is
a nonzero constant, then p−1(b) is isomorphic to A1 for every b ∈ C, and V is isomorphic to A2. Theorem 3.3 shows that if
V is normal, then the general fibers p−1(b) are smooth. (This also follows from Sard’s theorem.) Nevertheless, it is possible
that p−1(b) is smooth for general b and V is not normal.
Proposition 3.1. With the above notations, let J(f , g) = fxgy− fygx be the Jacobian determinant of the pair (f , g). Then we have
the following assertions.
(1) Let Gx(x, t1, t2) be the x-derivative of G(x, t1, t2). Then the following relations exist in C[x, y].
J(f , g)Gt1(x, f , g) = −Gx(x, f , g)gy
J(f , g)Gt2(x, f , g) = Gx(x, f , g)fy.
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(2) We have V (Gx) ⊆ pi−1(Sing (V )) ∪ V (J), where V (Gx) and V (J) are the closed sets of C2 defined by Gx(x, f , g) = 0 and
J(f , g) = 0 respectively, when C2 is identified with Γϕ .
(3) If the Jacobian determinant of ϕ is a nonzero constant, then Gx ∈ C[x] if and only if the general fibers of p : V → B are
smooth.
Proof. (1) We have the following relations among the differentials dx, dy, dt1 and dt2, where t1 and t2 are identified
respectively with f and g .
fxdx+ fydy = dt1
gxdx+ gydy = dt2
Gxdx = −Gt1dt1 − Gt2dt2.
By eliminating dy in the first two equations and by making use of the relation J(f , g) = fxgy − fygx, we obtain J(f , g)dx =
gydt1 − fydt2. Then the third equation yields the required relations because dt1 and dt2 are linearly independent over the
function field C(V ).
(2) Note that G(x, f , g) = 0. For a point P of C2, if Gx(pi(P)) = 0, then the relations in (1) imply
J(f , g)(P)Gt1(pi(P)) = J(f , g)(P)Gt2(pi(P)) = 0.
Hence either J(f , g)(P) = 0 or Gt1(pi(P)) = Gt2(pi(P)) = 0. Our assertion follows from this remark.
(3) Note that a general fiber ϕ(Cb) of the morphism p : V → B is an irreducible rational curve with only one place
at infinity. Then any regular function on the fiber ϕ(Cb) which does not vanish anywhere is a nonzero constant. Suppose
that Gx contains terms in t1 or t2. Then Gx restricted on the fiber ϕ(Cb) has zeroes. Hence, by the relations in (1) and
the assumption that J(f , g) is a nonzero constant, ϕ(Cb) has singular points. Hence, if the general fibers of p are smooth,
Gx ∈ C[x]. Conversely, if Gx ∈ C[x], then G(x, t1, t2) = P(x) + G0(t1, t2) with G0(t1, t2) ∈ C[t1, t2]. Then Gt1(x, t1, t2) and
Gt2(x, t1, t2) are independent of x. Hence, for a general b ∈ C, three polynomials G(b, t1, t2),Gt1(b, t1, t2) and Gt2(b, t1, t2)
have no common zeroes. This implies that ϕ(Cb) is smooth. 
The normalization of V has also interesting properties. Let V˜ be the normalization of V and let ν : V˜ → V be the
normalization morphism. Let p˜ : V˜ → B be the composite p · ν, where p : V → B is the morphism induced by the
projection (x, t1, t2) 7→ x. We recall that pi : Γϕ → V is the morphism induced by the projection (x, y, t1, t2) 7→ (x, t1, t2)
or equivalently by the inclusion C[x, f , g] ⊂ C[x, y]. We need the following definition [21].
Definition 3.2. An affine, normal surface X is called a logarithmic Q-homology plane (or a logarithmic Q-acyclic surface) if
X has at worst quotient singularities and Hi(X,Q) = 0 for all i > 0.
Theorem 3.3. With the above notations, the following assertions hold.
(1) The morphism p˜ : V˜ → B is an A1-fibration, and V˜ has only cyclic quotient singularities. If a fiber of p˜ is reducible, every
connected component of the fiber is irreducible and isomorphic to A1. Furthermore, every irreducible component has at most
one singular point of V˜ [10, Lemma 2.2]. If one removes all irreducible components but one from all reducible fibers, one
obtains a logarithmic Q-homology plane whose structure is described in [21].
(2) Suppose that the projection pi : Γϕ → V is a finite morphism. Then the morphism p˜i : Γϕ → V˜ is finite and the surface V˜ is
isomorphic to C2/G, where G is a finite cyclic group. Hence V˜ is a logarithmic Q-homology plane. Furthermore, if ϕ = (f , g)
is faithful with respect to y, i.e., C(x, y) = C(x, f , g), then V˜ is isomorphic to C2.
Proof. (1) Let V˜K be the generic fiber of p˜. Then V˜K is a normal curve as the normalization of the generic fiber VK of p and
p˜i induces a surjective morphism p˜iK : A1K = Spec K [y] → V˜K . Hence it follows that V˜K is isomorphic to A1K . So, the
general fibers of p˜ are isomorphic to the affine line. This implies that p˜ is an A1-fibration. For the rest of the assertion, see
the references [10,17,21].
(2) The morphism p˜i : Γϕ → V˜ which factorize the morphism pi is also a finite morphism. Since Γϕ is isomorphic to
C2, we know by [18] that the normal surface V˜ is isomorphic to C2/G, where G is a finite subgroup of GL(2,C). Now note
that there is a pencil of the affine lines p˜ : V˜ → B on V˜ . Then G is a cyclic group by [18]. If ϕ is faithful with respect to y, V˜
coincide with C2 which is the source of the morphism ϕ. 
In what follows, we will see that the properties of V˜ depend on the properties of pi , in particular, it is interesting to know
if pi is quasi-finite or finite.
3.2. Properties of pi and pi ′
First of all, we can state the following result.
Lemma 3.4. Suppose that for any (α, β) ∈ C2 and for any b ∈ C, the curves f (x, y) = α and g(x, y) = β have no common
components defined by the equations of the form x = b. Then we have the following assertions.
(1) The morphisms pi and p˜i are quasi-finite.
(2) The set of curves ϕ(Λ) has base points if and only if the morphism ϕ is not quasi-finite.
P. Cassou-Noguès, M. Miyanishi / Journal of Pure and Applied Algebra 213 (2009) 711–723 717
Proof. (1) We view the morphism pi : Γϕ → V as a B-morphism, that is to say, p · pi = q, where q : Γϕ → B = Spec C[x]
is induced by the projection (x, y, t1, t2) 7→ x. For b ∈ B, q−1(b) is the line x = b and p−1(b) is an irreducible curve which
is the image of q−1(b) by pi if C(b) 6= 0. Then, it is clear that the restriction of pi onto q−1(b) is quasi-finite. In the case
where C(b) = 0, if the restriction of pi onto q−1(b) is not quasi-finite, then there exist α, β ∈ C such that f (b, y) = α and
g(b, y) = β for any y. Hence f (x, y) − α and g(x, y) − β are divisible by x − b, which contradicts the hypothesis. Hence it
follows that pi is quasi-finite. Since pi = ν · p˜i , it follows that p˜i is quasi-finite.
(2) Suppose that the set ϕ(Λ) = {ϕ(Cb) | b ∈ B} has a base point Q . Let Eb ⊂ Cb be the set of points of Cb which are
mapped to Q by ϕ and let E := ⋃b∈B Eb. Then E = ϕ−1(Q ), and E is an algebraic set. Since E is an infinite set, we can find a
germ of curve B′ in E which contracts to the point Q under ϕ. Hence ϕ is not quasi-finite. Conversely, if ϕ is not quasi-finite,
there exists an irreducible curve in X1 = Spec C[x, y]which is mapped by ϕ onto a point Q = (α, β) of X2 = Spec C[t1, t2].
Let h be a polynomial which defines the curve E. Then h divides f − α and g − β . By the hypothesis, h does not have a form
x− b. This means that E intersects the curves Cb for almost all b ∈ B. Hence ϕ(Cb) passes through the point Q . 
Remark 3.5. If the Jacobian determinant of ϕ is a nonzero constant, then ϕ is quasi-finite.
By definition, the morphism pi is finite if and only if C[x, y] is an integral extension of C[x, f , g]. We can give sufficient
conditions for pi to be finite.
Proposition 3.6. The morphism pi is finite if one of the following conditions is satisfied.
(1) A0(x) or B0(x) is a nonzero constant.
(2) Let S(y, t1, t2) = Resx(f (x, y)− t1, g(x, y)− t2) = S(y)G′(y, t1, t2)n with an irreducible polynomial G′(y, t1, t2). With this
notation, the polynomial G′(y, t1, t2) viewed as a polynomial in y is monic.
Proof. (1) In the first case, y is integral over C[x, f ] or C[x, g], and hence C[x, y] is integral over C[x, f , g].
(2) In the second case, y is integral over C[f , g] and hence C[x, y] is integral over C[x, f , g]. 
For a ∈ C, letΛa = {y = ax+ b | b ∈ C} be a pencil of lines. We can define Va, V˜a, pia, etc. for ϕ and the pencilΛa, which
we denote, in case there is no fear of confusion, by V , V˜ , pi , etc. Then Proposition 3.6 yields the following corollary.
Corollary 3.7. Except for a finite number of values of a, the morphism pia for the linear pencilΛa is finite and V˜a is isomorphic to
C2 if the parametrization in x is faithful.
Proof. By a change of variables x = y′, y = x′+ ay′, the pencilΛa is given as {x′ = b | b ∈ C2}. Set f ′(x′, y′) = f (y′, x′+ ay′)
and g ′(x′, y′) = g(y′, x′+ay′). Let A′0(x′) and B′0(x′) be respectively the coefficients of the terms of highest degree of f ′(x′, y′)
and g ′(x′, y′) considered as the y′-polynomials. Then A′0(x′) and B
′
0(x
′) are constants except for a finite number of values of
a. Hence pi is finite by (1) of Corollary 3.7. The second assertion follows from Theorem 3.3. 
A more general remark is the following:
Proposition 3.8. We have the following assertions.
(1) The morphism pi is not surjective and hence not finite if the morphism p : V → B has reducible fibers.
(2) If C(x) = gcd(A0(x), B0(x)) = 1, then pi is surjective, and all the fibers of p : V → B are irreducible, though p˜ may have the
reducible fibers.
Proof. (1) Suppose that pi is surjective. Since pi is a B-morphism, i.e., p · pi = qwith the morphism q : Γϕ → B induced by
the projection (x, y, t1, t2) 7→ x, the line Cb is mapped onto the fiber p−1(b) for any b ∈ C. Then the fiber p−1(b) must be
irreducible as the image of Cb. Hence, the morphism pi is not finite if p has reducible fibers.
(2) By the remark in Section 2.1, if A0(b) 6= 0 or B0(b) 6= 0, then G(b, t1, t2) is the resultant of f (b, y)− t1 and g(b, y)− t2
with respect to y. Hence the fiber p−1(b) is the image of the line Cb by pi . Namely, pi is surjective onto the line Cb. Hence, pi
is surjective if C(x) = gcd(A0(x), B0(x)) = 1. 
We say that the morphism ϕ = (f , g) : X1 → X2 is surjective in codimension one (or almost surjective, in short) if the
image of ϕ contains all points of codimension 1 of X2, where X1 = X2 = C2. We know that if ϕ is quasi-finite, ϕ is almost
surjective (see [19, Lemma 1.1]). An irreducible curve C on the target X2 is called a missing curve if C is not contained in the
image ϕ(X1), and an irreducible curve D on the source X1 is called a contracting curve if ϕ(D) is a point. Our objective is to
use the missing curves in order to show the existence of reducible fibers of the morphism p : V → B. We have to restrict
ourselves to the case where ϕ is birational. In the birational case, the references are [7–9], especially [8]. Note that ϕ(Λ) is
a linear pencil of X2 in this case.
When ϕ is not almost surjective, there exist curves in X1 which are contracted to points in X2. Those points in X2 are the
fundamental points of themorphism ϕ and lie on themissing curves.We say that ϕ is reducible if ϕ is written as a composite
ϕ = ϕ1 · ϕ2 of two birational endomorphisms of C2 which are not automorphisms. If not, we say that ϕ is irreducible.
On the other hand, by embedding X2 into V2 := P2 in the natural way and by blowing up the base points of the pencil
ϕ(Λ) as well as the base points at infinity, we find a smooth projective surface V1 such that X1 is an affine open set of V1,
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the reduced effective divisor ∆1 := V1 − X1 is a divisor with simple normal crossings and the morphism ϕ extends to a
morphism Φ : V1 → V2. The morphism Φ being a sequence of blowing-ups, we can assume that the sequence is minimal
to the effect that the proper transform of Λ˜ of the pencil Λ = {Cb | b ∈ C} on V1 has no base points. We say that ϕ is of
simple type with respect to Λ if all the curves on V1 that are transversal to the pencil Λ˜ and contracted to the fundamental
points are sections, that is to say, theymeet a general member of Λ˜with intersectionmultiplicity one. This condition is to be
ascertained for the curves in X1 which meet general members of the pencilΛ transversally and contract to the fundamental
points of ϕ, for the curve transversal to Λ˜ and contracting to a point at infinity of V2 := P2 is automatically a section.
We shall construct a birational endomorphism of C2 called an affine contraction of r lines with respect to an r-tuple of
positive integers (m1, . . . ,mr). Let V0 be the Hirzebruch surface of degree 0, which is isomorphic to P1 × P1. Let ` (resp.M)
be a fiber of the projection p : P1 × P1 → P1 onto the first (resp. second) factor. Then M is a section of p. We take r + 1
sectionsM0,M1, . . . ,Mr and one fiber `∞. Let Pi = Mi∩`∞ and letmi be a positive integer, where 1 ≤ i ≤ r . For each Pi, we
blow up Pi and its infinitely near points lying on the proper transform of `∞ to obtain a linear chain of exceptional curves
together with the proper transforms `′∞,M ′i of `∞,Mi whose dual graph is given as follows.
d d d p p p p p p p p p d d d
`′∞ Eimi Eimi−1 Ei2 Ei1 M
′
i
−1 −2 −2 −2 −1
We then contract M ′i , Ei1, . . . , Eimi−1 . Then the proper transform of Eimi becomes a curve with self-intersection multiplicity
zero and isomorphic to P1. Let σ : V1 → V0 be a composite of the above mi blowing-ups performed at every point of
P1, . . . , Pr and let τ : V1 → V2 be a composite of the above contractions performed for every linear chain obtained from the
points P1, . . . , Pr . Then V2 − (τ (σ ′(`∞))+ τ(σ ′(M0))) is isomorphic to C2, where σ ′ signifies to take the proper transform
under σ . The birational morphism τ · σ−1 restricted onto C2 = V0− (M0+ `∞) yields a birational endomorphism of C2 for
which themissing curves are τ(Eimi)\τ(σ ′(`∞))∩τ(Eimi) (1 ≤ i ≤ r) and the contracting curves areMi\Mi∩`∞ (1 ≤ i ≤ r).
If r = 1 and m1 = 1, we call the contraction a simple affine contraction. If r ≥ 2, then an affine contraction of r lines
with respect to (m1, . . . ,mr) is a composite of m1 . . .mr simple affine contractions. After a suitable change of coordinates
(x, y), a simple affine contraction and an affine contraction of r lines with respect to (m1, . . . ,mr) are given respectively by
(x, y) 7→ (xy, y) and by (x, y) 7→ (x∏ri=1(y− ci)mi , y), where Pi = (0, ci) (cf. Theorem 3.9, the assertion (1)).
Theorem 3.9. With the above notations, suppose that themorphismϕ is birational and not almost surjective and that nomember
of Λ is a contracting curve of ϕ. Let ϕ(Λ) be the linear pencil on P2 which is generated by the closures of the general members
of ϕ(Λ). Let L∞ be the member of ϕ(Λ) corresponding to b = ∞ and let `∞ = P2 − C2 be the line at infinity of P2. Then we
have the following assertions.
(1) If `∞ is transversal to the pencil ϕ(Λ), that is to say, `∞ is not contained in any member of ϕ(Λ) and if ϕ is irreducible, then
ϕ is a simple affine contraction, and f and g are given by f = xy et g = y after a suitable change of coordinate y.
(2) Suppose that `∞ is not transversal to the pencil ϕ(Λ). Suppose, furthermore, that ϕ is of simple type with respect toΛ. Then
either themorphismpi : Γϕ → V is not a finitemorphism, or ϕ is an affine contraction of r lineswith respect to (m1, . . . ,mr)
for a suitable choice of a positive integer r and an r-tuple (m1, . . . ,mr). If ϕ is an affine contraction of r lines, then pi is an
isomorphism.
Proof. (1) For a general b, the curve ϕ(Cb) has only one place at infinity. If `∞ is transversal to the pencil ϕ(Λ), the closure
ϕ(Cb)meets `∞ in only one point transversally. Hence, ϕ(Cb) is a line and the pencil ϕ(Λ) consists in lines passing through
a unique fundamental point, say Q = (0, 0). Since any member of Λ is not contracting by the hypothesis, there exists a
unique missing curve in X2 which is a line passing through Q and corresponds to the member of Λ with b = ∞. One can
choose the coordinates t1, t2 in such a way that the missing curve is defined by t2 = 0. Then the blowing-up with center Q
gives a pencilΛ = {t1/t2 = b | b ∈ C}. Hence f and g are given by f = xy et g = y. We note here that ifΛ has a contracting
member under the assumption of (1), we may choose it to be defined by x = 0. Then, after a suitable choice of y, ϕ is given
as (x, y) 7→ (x, xy).
(2) The proof consists of several steps.
(I) With notations introduced before Theorem 3.9, let X˜1 be the inverse image Φ−1(X2) minus the section at infinity of
Λ and let ϕ˜ : X˜1 → X2 be the restriction of Φ onto X˜1. Let C1, . . . , Cs be the missing curves on X2 and let D1, . . . ,Ds be
their proper transforms on X˜1. Then the complement X˜1 − X1 consists of the curves D1, . . . ,Ds and the irreducible curves
Ds+1, . . . ,Dt which are contracted to the fundamental points. Note that D1, . . . ,Ds are contained in the members of the
extension Λ˜ of the pencil Λ on V1. For otherwise, a general member of Λ would have more than one place at infinity.
Among all the exceptional curves of Φ contained in X˜1, those which are different from Ds+1, . . . ,Dt are curves S1, . . . , Sr
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which are transversal to the pencilΛ and F1, . . . , Fu which are the members ofΛ. But F1, . . . , Fu do not exist because of the
hypothesis that no member ofΛ are contracting. Note that the curves S1, . . . , Sr appear as the exceptional curves of the last
blowing-ups ofΦ . Hence they are (−1)-curves.
(II) On the other hand, the pencil Λ˜ defines a morphism q˜ : V1 → B˜ = P1 whose restriction onto X1 is the projection
q : X1 → B = A1 given by (x, y) 7→ x. By abuse of notation, we denote the restriction of q˜ onto X˜1 by the same symbol.
Hence the general fibers of q˜ : X˜1 → B˜ are isomorphic to A1, where B is viewed as an open set of B˜ and the inverse image
q˜−1(∞) might be empty. Let Y1 be the inverse image q˜−1(B) and let ψ : Y1 → X2 be the restriction of Φ onto Y1. Then
X1 × X2 is an open set of Y1 × X2, and the graph Γψ of ψ restricted onto X1 × X2 is the graph Γϕ of ϕ. If one considers the
closures of the images of Γψ and Γϕ by the projections Y1 × X2 → A1 × X2 and X1 × X2 → A1 × X2, they must coincide
with the hypersurface V , for the two closures are irreducible and contain the images of Γψ and Γϕ .
(III) We shall show that either the projection p : V → B contains reducible fibers, or ϕ is an affine contraction of r lines.
If one of D1, . . . ,Ds, say D1, is contained in a fiber of q˜ : Y1 → B, then, by the hypothesis that any member of Λ is not a
contracting curve, this fiber contains two components which remain in the corresponding fiber of p. Hence the morphism
pi is not a finite morphism by Proposition 3.8.
(IV) Suppose, from now on, that all the curvesD1, . . . ,Ds are contained in the fiberΞ∞ := q˜−1(∞), where∞ is the point
B˜ − B. By the hypothesis, the proper transform L of the line at infinity `∞ is contained in a fiber of q˜. Meanwhile, the fiber,
say Ξ0, of q˜ containing Lmight not be the fiber Ξ∞. Suppose that Ξ0 6= Ξ∞. After a suitable choice of the coordinate x, we
may assume thatΞ0 contains the curve C0 defined by x = 0. Since C0 is a reduced, irreducible member ofΛ, L and the other
components ofΞ0 (if they exist) are contained in V2 \ X˜1 and hence contracted to a point. Hence wemay assume that all the
fibers of q˜ except for Ξ∞ are isomorphic to P1. Let S0 be the section at infinity of q˜ which lies in V1 − X1 and let S i be the
closures of Si. LetDi be the closure ofDi in V1. SinceDi is contained inΞ∞ andDi comes from themissing curve Ci, there exists
a linear chain Hi connecting Di and S i. Since Φ is assumed to be minimal, there exist no (−1)-curves sprouting out of the
chain Hi. Then S i+Hi contracts to a point. Hence Hi consists of (−2)-curves. On the other hand,Ξ∞ contains an irreducible
component, say A, of multiplicity one, and the section S i is connected to A by a linear chain containing Di + Hi. Since Φ is
minimal, it follows that Di is a (−1)-curve. Then, after contracting Di + Hi, a component adjacent to Di has multiplicity one.
We may assume that A is this component for i = 1. Then the imageM1 of S1 has self-intersection multiplicity zero after the
contraction of D1 + H1. Then the imageMi of S i after contracting Di + Hi and the components of a linear chain between Di
and A is disjoint fromM1 and hasmultiplicity greater than or equal to zero. If Di and A do notmeet, we have (M2i ) > 0which
is impossible by the Hodge index theorem becauseM1 ∩Mi = ∅. Thus, after contracting Di+Hi,Mi meets the component A
for all 1 ≤ i ≤ r . Now contract all the components which lie between A and S0. Then we obtain a minimal ruled surface of
degree 0 and hence is isomorphic to P1 × P1. The affine plane X1 is obtained by removing A and S0 from P1 × P1, and X2 is
obtained from V1 by contracting S i + Hi for all i and removing A+ S0. Thus ϕ is an affine contraction of r lines with respect
to an r-tuple (m1, . . . ,mr), wheremi is the number of irreducible components in Di + Hi. 
We have the following result concerning the morphism pi ′ : V → X2 defined by the inclusion C[f , g] ↪→ C[x, f , g].
Proposition 3.10. Write G as
G(x, t1, t2) = G0(t1, t2)xM + G1(t1, t2)xM−1 + · · · + GM(t1, t2)
with Gi(t1, t2) ∈ C[t1, t2] for 0 ≤ i ≤ M, where M divides the degree of ϕ = (f , g). Then we have the following assertions.
(1) pi ′ is a quasi-finite morphism if and only if the ideal (G0, . . . ,GM) of C[t1, t2] is unitary.
(2) pi ′ is surjective if and only if the radicals of the ideals (G0, . . . ,GM−1) and (G0, . . . ,GM) are the same.
(3) pi ′ is a flat morphism if and only if the ideal (G0, . . . ,GM) is unitary.
(4) pi ′ is a faithfully flat morphism if and only if the ideal (G0, . . . ,GM−1) is unitary.
Proof. (1) Suppose that the ideal (G0, . . . ,GM) is unitary. Then, for any point (α, β) of X2, the equation
G(x, α, β) = G0(α, β)xM + G1(α, β)xM−1 + · · · + GM(α, β) = 0
is a non-trivial equation. If Gi(α, β) 6= 0 for 0 ≤ i < M , then there exists a point of V which is mapped to the point (α, β).
If Gi(α, β) = 0 for every 0 ≤ i < M , then there exist no points of V which are mapped to the point (α, β). Suppose that the
ideal (G0, . . . ,GM) is not unitary. Then there exists a point (α, β) such that Gi(α, β) = 0 for every 0 ≤ i ≤ M . Hence the
fiber pi ′−1(α, β) is a line and pi ′ is not a finite morphism.
(2) Suppose that pi ′ is surjective. Let (α, β) be a point such that Gi(α, β) = 0 for every 0 ≤ i < M . Then GM(α, β) = 0.
Hence
√
(G0, . . . ,GM−1) = √(G0, . . . ,GM). Conversely, for a point (α, β) of X2, if Gi(α, β) 6= 0 for 0 ≤ i < M , then pi ′ is
surjective over the point (α, β). If Gi(α, β) = 0 for every 0 ≤ i < M , then we have GM(α, β) = 0. Hence pi ′ is surjective
over the point (α, β).
(3) This is a flatness criterion due to Nagata [22]. The result can be also deduced from the following theorem due to
Grothendieck:
Let A and B be finitely generated C-algebras which are integral domains. Suppose that A is a subalgebra of B. Suppose further
that B is a Cohen–Macaulay ring and A is a regular ring. If the induced morphism Spec B→ Spec A is equi-dimensional, then it
is flat.
(4) The assertion follows from (2) and (3). 
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Remark 3.11. If G0 is a nonzero constant, then the morphism pi ′ is faithfully flat.
The following result which is a special case of Zariski’s Main Theorem can be proved easily in our context.
Corollary 3.12. Suppose that the endomorphism ϕ = (f , g) : X1 → X2 is birational and almost surjective. Then ϕ is an
automorphism. In particular, if ϕ is birational and etale, i.e., ϕ satisfies the Jacobian condition, then ϕ is an automorphism.
Proof. Since ϕ = pi ′ · pi is birational, so is pi ′ as well. Hence the degree M of the x-polynomial G is equal to one and G is
written as
G(x, t1, t2) = G0(t1, t2)x+ G1(t1, t2).
If ϕ is almost surjective, then pi ′ is so, too. Hence G0(t1, t2) is a constant. Hence we can write x = −G1(f , g). By changing
the roles of x and y, we obtain y = −G′1(f , g)with G′1(t1, t2) ∈ C[t1, t2]. This implies that ϕ is an automorphism. If ϕ is etale,
then we know that ϕ is almost surjective (cf. [19, Lemma 1.1]). 
Corollary 3.13. Suppose that an endomorphism ϕ = (f , g) : X1 → X2 satisfies the following conditions:
(1) ϕ is a finite morphism.
(2) C(x, y)/C(f , g) is a Galois extension of prime degree p.
Then, after a suitable change of coordinates x, y of X1 and t1, t2 of X2, we can assume that t1 = xp and t2 = g(xp, y), where
(x, g(x, y)) is a polynomial automorphism.
Proof. We shall consider the sub-extensions C(x, f , g) and C(y, f , g) of C(x, y). If C(x, f , g) and C(y, f , g) are birational to
C(f , g), we can show, by the same argument as in the proof of Corollary 3.12, that x = −G1(f , g) and y = −G′1(f , g). Hence
ϕ is birational, which is a contradiction to the hypothesis. Suppose [C(x, f , g) : C(f , g)] = p. Then x satisfies an irreducible
equation
G0(f , g)xp + G1(f , g)xp−1 + · · · + Gp(f , g) = 0,
where Gi(f , g) ∈ C[f , g] for 0 ≤ i ≤ p. Since ϕ is finite, x is integral over C[f , g] and hence we may assume G0(f , g) = 1.
Since C(x, f , g)/C(f , g) is a cyclic Galois extension of degree p, let Γ be the cyclic Galois group. For a generator σ ∈ Γ ,
σ(x) is integral over C[f , g]. Hence it follows that σ(x) is an element of C[x, y]. Similarly, we have σ(y) ∈ C[x, y]. After
changing the coordinates x, y, we can suppose that σ(x) = ζ x and σ(y) = ζ ry, where ζ is a pth primitive root of the unity
and 0 ≤ r < p (cf. [24,16]). It is then easy to see that G1(f , g) = · · · = Gp−1(f , g) = 0. Now note that the polynomial
G(x, t1, t2) = xp+Gp(t1, t2) is irreducible and ϕ is surjective because ϕ is finite. Then the hypersurface V has singular points
only in the fiber p−1(0) and hence the general fibers of p are smooth. By Lemma 2.5, the image ϕ(Cb), which is defined by
Gp(t1, t2) = −bp, is isomorphic to A1. By Theorem of Abhyankar–Moh–Suzuki [3], by a change of coordinates t1 and t2, we
may set Gp(f , g) = −f , i.e., xp = f .
We shall show that the relation [C(x, f , g) : C(f , g)] = [C(y, f , g) : C(f , g)] = p is impossible. If we have
[C(y, f , g) : C(f , g)] = p, the above argument with x replaced by y shows that yp = −G′p(f , g) and σ(y) = ζ ry with
0 < r < p. Since C[x, f , g] = C[x, g] and C(x, y) = C(x, f , g), we have y ∈ C[x, g]. Write y as
y = a0(f , g)+ a1(f , g)x+ · · · + ap−1(f , g)xp−1,
where ai(f , g) ∈ C[f , g] for 0 ≤ i ≤ p− 1. Meanwhile, considering the action of the Galois group Γ , we have
σ i(y) = a0(f , g)+ a1(f , g)(ζ ix)+ · · · + ap−1(f , g)(ζ ix)p−1
for 0 ≤ i < p. Then it follows that a0(f , g) = 0 because∑p−1i=0 σ i(y) =∑p−1i=0 (ζ ix)j = 0 for 1 ≤ j < p. Hence, by writing
y = x (a1(f , g)+ · · · + ap−1(f , g)xp−2) ,
we compute yp as follows:
yp =
p−1∏
i=0
σ i(y)
= xp ·
p−1∏
i=0
(
a1(f , g)+ · · · + ap−1(f , g)(ζ ix)p−2
)
= f · h
where h ∈ C[f , g]. As a consequence, we have −G′p(f , g) = f · h. Nevertheless, since G′p(t1, t2) = 0 is isomorphic to A1, it
follows that G′p(f , g) is irreducible. Hence h ∈ C∗. But this is impossible.
Nowwe can assume that [C(x, f , g) : C(f , g)] = p and [C(y, f , g) : C(f , g)] = 1. It then follows that the parametrization
in x is not faithful. Then there exists g1 ∈ C[x1, y] such that (f (x, y), g(x, y)) = (xp, g1(xp, y)) and (x1, g1(x1, y)) is a
polynomial automorphism of C[x1, y]. This is what we have to prove. 
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4. Examples, remarks and questions
Example 4.1. First of all, consider an endomorphism of C2 given by f (x, y) = x2 + y2 and g(x, y) = x3 + y3. We have
G = 2x6 − 3t1x4 − 2t2x3 + 3t21x2 + t22 − t31 .
The generic curve {G = 0}with x considered as a constant has a singular point with coordinates (x2, x3). We have
G1 = 9(x2 − t1)4, G2 = 4(x2 − t1)3
and
H = 0.
Now, replace the linear pencil of linesΛ byΛa := {x = ay+ b | b ∈ C}with a ∈ C fixed. For this purpose, we have only
to compose ϕ with a change of coordinates (x, y) 7→ (x+ay, y). The generic curve {G = 0} is a singular curve for a2+1 6= 0
and a2 − a+ 1 6= 0. In fact, the singular point has coordinates:
x2(a2 − 4a+ 1)
(a2 + 1)(a2 − a+ 1) ,
x3(a− 1)(a4 + 10a2 + 1)
(a2 + 1)(a2 − a+ 1) .
If a2 − a+ 1 = 0, then
G = 2x6 + 3x4at1 − 10x3t2 + (9t21 − 9at21 )x2 + 6t1xat2 − t22 .
The curve {G = 0} is smooth. We have
G1 = 243(−1+ a)(x2 − 4at1)x6, G2 = 108(x2 − at1)x4
and
H = 78732x12.
If a2 + 1 = 0, then
G = 2x6 + 6x4at1 + (−8t2 − 8at2)x3 + 6x2t21 + 2at31 .
The unique singular point of the curve {G = 0} lies at infinity. We have
G1 = 6a(x4 − 2at1x2 + t21 ), G2 = −8(1+ a)x3
and
H = 64(1+ a)2x6.
We can make two remarks concerning this example. The first remark is that the image of a general member of the linear
pencilΛa of lines, in general, is not smooth. It is smooth for the four pencilsΛa with special values of a, i.e., a = ±
√−1 and
a = (1±√−3)/2, where H(b) = 0 if and only if the curve ϕ(Cb) is singular. The second remark is that, for all the pencils,
the morphism pi : Γϕ → V is a finite morphism and the morphism pi ′ is faithfully flat. The surface V is not normal, and its
normalization V˜ is isomorphic to C2 because the parametrization is always faithful.
Example 4.2. Let
f = x2 + x(y+ 1)+ 2y3
g = x3 − 2
3
x2 − 2
3
(y+ 1)x− 1
3
y3.
For all pencils of the form x = ay+ bwith a 6= 0 fixed and bmoving, the curve {G = 0} is smooth and the polynomial H is
equal to 0. For the pencil {x = b | b ∈ C} and the endomorphism (f , g + af ), H is not identically zero if a 6= 0. For the pencil
{y = b | b ∈ C}, the curve {G = 0} is singular. In this example, the situation is contrary to the preceding case since the
image of the generic fiber is smooth for all pencils except for one. For all pencils, the parametrization is faithful, pi is finite
and pi ′ is faithfully flat. The surface V is not normal and V˜ is isomorphic to C2.
The following example shows that we cannot improve further Theorem 2.4.
Example 4.3. Let
f = 2(x+ y+ 8y3)− 1
g = x+ 4y+ 8y3 − 1.
The endomorphism (f , g) is an automorphism, and the curve {G = 0} has only one singular point at infinity for all pencils.
We have H 6= 0 for all the pencils except for one pencil {x = b | b ∈ C} for which H = 0 and Ha 6= 0 for any a 6= 0. The
surface V is isomorphic to C2 for all pencils.
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For the following example, the surface V˜ is not isomorphic to C2.
Example 4.4. Let
f = xy2 + (x+ 1)y+ 2
g = xy3 + (x+ 1)y2 + 2y.
The endomorphism ϕ = (f , g) is birational. The fundamental points are (0, 0), (2, 0), (1,−1) and the contracting curves
are respectively xy2 + xy+ y+ 2 = 0, y = 0, y+ 1 = 0. Further, the endomorphism is not of simple type with respect to
Λ = {x = ay + b | b ∈ C} and almost all pencils. The pencilΛ = {y = b} contains contracting curves as members. For all
pencils of the form Λ = {x = ay + b | b ∈ C}, the generic curve G = 0 has a singular point at (0, 0) which happens to be
a base point. For the pencil Λ = {x = b | b ∈ C}, the fiber p−1(0) is reducible, hence pi is not surjective. For a 6= 0, pi is a
finite morphism. For the pencil Λ = {y = b | b ∈ C}, all fibers of p are irreducible, and pi is not a finite morphism nor a
quasi-finite morphism.
For all pencils of the form Λ = {x = ay + b} with a 6= 0, V is not normal and V˜ is isomorphic to C2. For the pencil
Λ = {y = b | b ∈ C}, the surface V is a smooth surface t1y = t2. Note that Proposition 3.1 cannot be applied because pi is
not quasi-finite. For the pencilΛ = {x = b | b ∈ C}, V is not normal and V˜ is a Danielewski surface whose coordinate ring
is C[x, xy, xy2 + y, xy3 + y2 + y]. Hence V˜ is defined by the equations:
AC = B(B+ 1), (B+ 1)D = C(C + 1), AD = B(C + 1)
where A = x, B = xy, C = xy2 + y,D = xy3 + y2 + y. In order to see this, it suffices to note that f = B+ C + 2, g = D+ C ,
whence C[f , g] ⊂ C[A, B, C,D] and that C[A, B, C,D] is an integral extension of C[x, f , g]. A similar, but more general
surface is observed in Bandman and Makar-Limanov [5]
Finally, we shall give an example for which V˜ is not smooth.
Example 4.5. Let
f = (x3 + x)y+ x2
g = −(75x6 + 75
4
x4 − 6x2 + 1)y4 − (270x5 + 75x3 − 8x)y3 − (365x4 + 98x2)y2 − 170x3y.
For the pencil Λ = {x = b | b ∈ C}, pi is a finite morphism, pi ′ is faithfully flat and Sing (V ) consists of the union of the
fibers of p over the points x = 0, x = i, x = −i. The normalization of V is isomorphic to C2. Meanwhile, for the pencil
Λ = {y = b | b ∈ C}, the situation is not the same. We note that C[f , g] ⊂ C[A, B, C], where A = y2, B = xy and
C = x3y+ x2, because
f = B+ C
g = 75AC2 + 75
4
B4 − 6AB2 + A2 + 120B2C + 75B3 − 8BA+ 170BC + 98B2.
We can show thatC[A, B, C] is an integral extension ofC[y, f , g], hence V˜ is a surface defined by an equation AC = B2(B+1)
which has one cyclic quotient singularity of order two.
This example (see [6,4]) is obtained from the example of Pinchuk [23,25] by a birational endomorphism with Jacobian
determinant one.
Question 4.6. (1) Is it possible to characterize an endomorphism ϕ such that V˜ is isomorphic to C2 or C2/G with a finite cyclic
group G for any linear pencil of lines ? Is it a finite endomorphism ? If ϕ is finite and if V˜ is isomorphic to C2/G, is the
parametrization faithful or not ? If the parametrization is faithful, V˜ is isomorphic to C2/G and Λ = {x = b | b ∈ C}
is the pencil we consider, what will be the relations between the order of the group G and the degree of the extension
[C(x, y) : C(x, f , g)]?
(2) Is it possible to characterize the endomorphisms ϕ with V˜ given in advance ? What kind of surfaces can become V˜?
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